




2 Theoretical basis

2.1 Theoretical derivation of the rotational spectra
of gas molecules

When terahertz waves interact with gas molecules, only
when the photon energy of the beam is equal to the energy
range between the two adjacent energy levels of the gas
molecule will the molecule absorb the photon energy of the
terahertz wave to change its rotation or vibration state and
generate the absorption spectrum. The energy required for
the pure rotational transition of gas molecules is lower than
that required for the vibrational transition, so the vibra-
tional transition of molecules is accompanied by the rota-
tional transition. The rotational spectrum is the spectrum
produced by transitions between the same electronic state
of a molecule and two different rotational energy levels of
the same vibrational energy level.

Since the photon energy of the terahertz band is very
low, the spectrum of this band is a pure rotation spectrum.
The energy of the rotation spectrum is quantized, so:

E ¼
h2

8p2I
J J þ 1ð Þ J ¼ 0; 1; 2. . .ð Þ ð1Þ

whereh is PlanckÕs constant,I is the moment of inertia, and
J is the rotational quantum number with a nonnegative
integer. When the energy absorbed by a molecule transi-
tions from a lower energy level to a higher energy level, the
molecule transitions from an energy level with a quantum
numberJ to an energy level with a quantum numberJ ? 1,
thus producing a pure rotational absorption spectrum.
Then, the energy difference between two adjacent energy
levels can be expressed in the following equation:

DE ¼ EJþ 1 � EJ ¼
h2

4p2I
J þ 1ð Þ J ¼ 0; 1; 2. . .ð Þ ð2Þ

According to the Bohr frequency condition, the rota-
tional transition frequency of the energy absorbed by the
molecule is

v ¼
h

4p2I
J þ 1ð Þ J ¼ 0; 1; 2. . .ð Þ ð3Þ

This formula is often written asv ¼ 2B J þ 1ð Þ, whereB is
the rotational constant, so the molecular rotational transi-
tion frequency intervalDv ¼ 2B, B ¼ h

8p2I. Therefore, once
you know the moment of inertiaI, you can determine the
molecular rotational transition frequencyv and the transi-
tion frequency intervalDv.

When a pure rotational transition occurs in the energy
absorbed by a molecule, the change in the rotational
quantum number causes the energy interval between
adjacent energy levels to gradually increase. Since
Dv ¼ 2B, the spectral lines generated by the energy

absorbed by a molecule are arranged at equal intervals,
with a spacing of 2B. Therefore, to measure the pure
rotational transition spectral line of CO, a series of spectral
lines with equal spacing can be obtained.

Different isotopes have different rotational energies and
therefore different positions of absorption peaks in the
rotational spectrum. The moment of inertia is given by the
following equation:

I ¼ l R2
e ð4Þ

The nuclear spacing of a diatomic molecule isRe, and
Re = R1 ? R2. l is the reduced molecular mass,

l ¼
m1m2

m1 þ m2
ð5Þ

Therefore, when the mass of one atom becomes larger, its
reduced massl will increase, the moment of inertiaI in-
creases, and the rotation constantB decreases, so the different
rotation constants can be distinguished from different iso-
topes, which can be obtained through the spectrum analysis of
the frequency and rotation quantum number relationship,
solving the rotation constantsB1 and B2, and then distin-
guishing12CO and13CO (Klapper et al. 2003; Table 1).

2.2 Theoretical calculation of rotational spectra
of 12CO and 13CO

According to the above theory, combined with the related
data of the CO molecular structure, the pure rotational
transition spectrum and rotational transition frequency
interval of CO gas under the assumption of rigid rotation
can be calculated. The carbonÐoxygen bond length of the
12CO molecule is 112.8 pm, the atomic mass of the12C
atom is mc = 1.9939 10Ð26kg, and the atomic mass of the
O atom is mo = 2.6579 10Ð26kg. The molecular rota-
tional transition frequency intervalDv = 0.116 (THz) of
12CO can be obtained by Eqs. (3), (4) and (5). Similarly,
the rotational transition frequency interval of13CO mole-
cules can be solved. The molecular bond length is related
to the atomic radius but not to the isotope, so the13CO
molecule carbonÐoxygen bond length is still 112.8 pm, the
13C atom atomic mass is mc = 2.1599 10Ð26kg, and the O
atom atomic mass is mo = 2.6579 10Ð26kg. The molec-
ular rotational transition frequency intervalDv = 0.110
THz of 13CO can be obtained by Eqs. (3), (4) and (5).

The premise of the derivation of the above theory is to
assume that the gas molecules are rigid rotors. However,

Table 1 Rotational transition
frequency interval of12CO and
13CO gases

Rotating molecule Dv (THz)

12CO 0.116
13CO 0.110
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3.3.2 Terahertz spectrum of 60%13CO

The sample in this experiment is13CO gas with 60%
abundance, which can be obtained in the same way. Fig-
ure 14 shows the terahertz time-domain signal diagram of

the mixed sample, and Fig. 15 shows the terahertz fre-
quency domain spectrum of the sample is obtained through
a fast Fourier transform.

After further data processing, the absorption peak of the
mixed sample in the spectrum range of 0.5Ð2.5 THz was
obtained, as shown in Fig. 16. The Þgure can better dis-
tinguish the absorption peak of12CO and13CO, as shown
in the Þgure below:

Table 3 is obtained by sorting out the Þgure above and
combining the theoretical simulation results (Nolt et al.
1987; Zink et al. 1990):

Similarly, Fig. 17 is Þtted from Table 3, and the mea-
sured rotational quantum numbersJ of 12CO and 13CO
have an approximate linear relationship with the rotational
frequencyv.

As shown in Fig. 17, the slope is 2B, and the rotation
constants of12CO and 13CO are also 0.058 and 0.055,
respectively, which are consistent with the calculated
results of theoretical values and the experimental values of
the previous stage. Therefore, it is also proven that the
characteristic absorption peaks of12CO and13CO can be
extracted from the terahertz spectrum with a 60% abun-
dance of13CO.

Table 2 40% 13CO rotation
spectrum

J-J0 12CO
Obs (THz)

12CO
Calc (THz)

12CO
Obs-Calc (THz)

13CO
Obs (THz)

13CO
Calc (THz)

13CO
Obs-Calc (THz)

7Ð6 0.8087 0.8067 0.0020 0.7629 0.7712 - 0.0083

8Ð7 0.9155 0.9218 - 0.0063 0.8698 0.8813 - 0.0115

9Ð8 1.0148 1.0369 - 0.0221 0.9995 0.9913 0.0082

10Ð9 1.1520 1.1520 0 1.1063 1.1013 - 0.0050

11Ð10 1.2665 1.2670 - 0.0005 1.2131 1.2113 0.0018

12Ð11 1.3733 1.3199 0.0534 1.3199 1.3213 - 0.0014

13Ð12 1.4954 1.4969 - 0.0015 1.4343 1.4312 0.0031

14Ð13 1.6174 1.6117 - 0.0057 1.5411 1.5410 0.0001

Fig. 13 Relation between the rotational quantum number and
rotational constant of 40%13CO

Fig. 14 Time domain diagram of 60%13CO in the terahertz band

Fig. 15 Frequency domain diagram of 60%13CO in the terahertz
band
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